Spin Connections and Classification of Inequivalent Quantizations 
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We discuss an extention of the quantization method based on the induced repre- 
O ' sentation of the canonical group. 
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Quantum mechanics on a general configuration space was firstly studied by Dirac . 
His method is the base of the quantum investigation of constraint systems. Next, 
Mackey 2 proposed another quantization method. He take a homogeneous space as 
the configuration space and he used the induced representation theory of group de- 

h ; 

veloped by Wigner 3 . The interesting point of his study is to show that there exist 
many inequivalent quantizations for general configuration space cases and that Dirac's 
method is one of them. But, Mackey's method is not so general, because the con- 
figuration space is the homogeneous space. Then, we will study the inequivalent 
quantization problem from more general viewpoint. 

We consider a wavefunction as the most fundamental object in the quantum the- 
ory. Thus, we define firstly the wavefunction (ip(q)) over the configuration space(Q) 
consistently and specify its properties including time-evolution. The wavefunction is 
not observed directly and a physical observable is a probability density (p(q)), which 
is defined as p(q) = ip(qy *ip(q). The wavefunction is assumed to be a n-component 
complex valued function. Then, f means complex conjugate and * is inner product. 



Next we consider the time(t) evolution of the wavef unction. The probability 
density should satisfy the equation of continuity; j^piqt) = — j^J a {qt), where 6 a 
is locally orthogonal coordinates. A new physical quantity J a (qt) (probability current 
density) must be introduced for the probabilistic interpretation of the wavefunction. 
The form of the current must be determined and so we introduce the equation of the 
time evolution of the wavefuction, which is a linear first differential equation for time; 
■fftipiqt) = H(q)ijj(qt) because of the probabilistic interpretation and of the principle 
of superposition. The forms of J a and H are restricted to 

= i^C(q)£- + V (q), J a (qt) = C{q)^-J{qt)U ^{qt) + C.C. 

where C(q) is a undetermined function. There exists another posibility (Dirac equa- 
tion like) but the following arguments are not changed. 

The inner product is written as p(qt) = ip(qt)^Gi J/V (q)ilj ly (qt), where G fIU (q) 
should satisfy the properties of the metric. Thus, we can study the transforma- 
tion properties of the wavefunction in imitation of Riemannian geometry. The cor- 
respondnce relations are e M = -<=/- E^q), E^q), V = V^e^ -<=>- 

rl>(qt) = E^q^iqt), (e^e v ) = 9fiv E v ) = G^{q) and (V, U) = 

Now, we assume that in the locally orthogonal coordinate systems the metric 
of the wavefunction is Kronecker's delta. But there are many choices of the locally 
orthogonal coordinate systems and these systems are related each other by rotation. 
The wavefunction transforms with these rotations but physical observable (p) should 
be independent of the choices of the systems. Therefore, the wavefunction must be 
the base of the representation of the rotation group. This means the introduction of 
the spin degree. 

Let us study the transformation property of the other physical observables. The 
definitions of the current and Hamiltonian include the derivative. Thus, we need 
to introduce the connection coefficients for the locally rotation. The basis vectors 
of the locally orthogonal coordinate system are dependent on a position. They 



change under the transfer of position as V,? a e&(g) = r^ fe e c (g) where T c ab is affinc 
connection coefficients. Therefore, the basis vectors at a near point is given by 
e^q + d9 a e a ) = (5b c + d6 a T c ab )e c (q) . This part (5b c + d6 a Y c ab ) means a infinitesimal 
rotation. Corresponding to this infinitesimal rotation, the base of the wavefunction 
transfers as E^(q + d6 a e a ) = V^E v (q) where is the unitary representaion of the 
infinitesimal rotation. Then, the spin connection is given by 

V g J» = Tr[T c ab (t a ) b c ]T^ % 

where t a is an ajoint representaion of the so(d) Lie generator and T a is the n dimen- 
tional representaion. We introduce an one-form d6 a A^ = d9 a Tr[T^ b (t a ) b c ] which 
transforms as A a T a - VUV + V^A a T a V under the local rotation v. Here 

V is the unitary representation matrix of v. The current d9 a J a = —^^[S^d — 
A a T^ l/ ]ip l/ + C.C. is invariant under this rotation. 

Next problem is to define the locally orthogonal coordinate systems over the man- 
ifold that is the configuration space Q. This problem is a pure mathematical problem. 
We introduce some charts and the locally coordinate are defined on each chart. In 
the overlap region two coordinate systems are consistently connected. That is, we 
define single group-valued function over the overlap region. When the overlap region 
is S d , the single group-valued function are classifyed by the homotopy group. For ex- 
amples, Us{SO(d)) = Z and Ui(SO(2)) = Z. Thus, the connection coefficients can 
be classifyed and it may be expected that quantization methods are done according 
to this claasification. But some cases of these classes may be unitary equivarent. We 
have not established this situation. 

Let us apply our idea to the d-dimentional sphere cases. We immerse a sphere in 
ftd+i S p ace; introduce two charts and use the stereographic projection. In each charts, 
basis vectors are given by e a = (5 a i(l+x 2 ) -2x a X{, 2x a ) and e a = j^(S a i{l + 
z 1 ) — 2z a Zi, — 2z a ^, and the connection coefficients are 
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1+x 2 d 
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{SabXc ~ SacXb) 



(N) -^—Q^fb = Kb?c Kb = (SabZc-5acZ b ). 

We can get the derivative of the wavefunction 

Finally, for the S d (~ SO{d + 1) / 'SO(d)) case we show the relation between the 
induced representation approach 4 ' 5 and ours. The derivative on the tangent space is 
constructed from the generators of SO(d +1). This correspondence is 

£^ te ^ - TrKb(t a ) b c ]T« 

where G^a is the generatotrs of SO(d+l) and r is the position vector on S d in the 
R d+1 space. 
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